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PREFACE 

From a knowledge of the geomagnetic field at the earth's surface 

and its changes with time, we have been able, in recent work, to 

determine some aspects of the surface motion of the fluid core of the 

earth, where the field originates. 
developed our methods to include some of the fluid mechanics of a rotating 

core. As well as improving our fluid velocity determinations, these 
methods make possible an estimate of th.e hitherto unknown electric 

current patterns. 

In this paper we have further 

This study is one of a series intended to add to our understanding 
of the magnetic field, including its origin, maintainence, and long- 

term changes. The results will make possible improved predictions of 
the strength and patterns of the earth's magnetic field as it affects 
the radiation belts, and will aid in estimating the magnetic fields 
likely to be found on other planets. 
series include RM-5091-NASA, Estimated Surface Fluid Motions of the 

Earth's Core; RM-5192-NASA, Nature of Surface Flow in the Earth's Central 

- Core; and RM-5193-NASA, Comparison of Estimates of Surface Fluid Motions 
of the Earth's Core for Various Epochs. 

Other recent publications in this 
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ABSTRACT 

In earlier papers, the authors derived fluid motions near the surface 
of the earth's central core from geomagnetic data, using the frozen-flux 
assumption. Another estimate of the poloidal part of the motion was 

derived by Rikitake from geomagnetic data using a different method. In 
the present paper, the general problem of inferring fluid velocities in 
the core from magnetic data is discussed and previous results are 

compared with one another. The earlier analysis is extended by allowing 

for small contributions to secular change from magnetic diffusion, while 
constraining the velocity to satisfy a quasi-geostrophic condition. 
The latter dynamic condition is derived from first principles, and 
allows for electromagnetic forces in addition to the Coriolis force. 
The under-determined system of equations is solved by applying a variational 

principle which requires nonsingular solutions corresponding to a given 
magnetic Reynolds number. Solutions are shown for several values of 

the Reynolds number and for the first time include estimates of surface 
electrical-current patterns. 
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1. INTRODUCTION 

I n  four  previous articles (Vestine and Kahle, 1966; Kahle, Vestine 

and B a l l ,  1967; Kahle, B a l l ,  and Vest ine,  1967; and Vestine,  B a l l ,  

and Jhhle ,  1967) t h e  authors  have der ived approximate desc r ip t ions  

of f l u i d  motions supposed t o  take p lace  near  t h e  sur face  of t h e  e a r t h ' s  

core.  

of magnetic f l u x  are moved about by t h e  f l u i d  as though frozen i n t o  

i t ,  and t h a t  t h e  r e s u l t i n g  changes i n  magnetic induct ion observed 

a t  t h e  e a r t h ' s  sur face  can be used t o  i n f e r  t h e  f l u i d  motions. 

The bas ic  concept underlying t h i s  work was  t h a t  t he  l i n e s  

Rik i take  (1967) has a l s o  derived core motions from magnetic 

da t a  by a d i f f e r e n t  method, wherein one i n f e r s  t h e  polo ida l  motions 

required t o  produce, over a long per iod of t i m e ,  t he  observed nondipole 

f i e l d  from an assumed t o r o i d a l  magnetic f i e l d .  This method is d i f f e r e n t  

from, and i n  a sense complementary t o ,  our previous procedure. I n  

our procedure, both the  to ro ida l  and polo ida l  components of the  ve loc i ty  

were in fe r r ed  from t h e  ( e s s e n t i a l l y )  instantaneous measured values  

of the  magnetic f i e l d  and t h e  secular  change, with d i f fus ion  neglected.  

Riki take u t i l i z e s  a two-step process i n  which a polo ida l  magnetic 

f i e l d  is f i r s t  generated by t h e  i n t e r a c t i o n  of a t o r o i d a l  f i e l d  (assumed 

t o  be of t he  T i  type) with an a r b i t r a r y  polo ida l  ve loc i ty  f i e l d ,  

and then d i f fuses  i n t o  t h e  mantle t o  become t h e  nondipole f i e l d .  

We may note  t h a t  Riki take,  when ca l cu la t ing  t h e  equi l ibr ium configura- 

t i o n ,  neglected t r anspor t  of t he  polo ida l  f i e l d ,  whereas i n  our complementary 

approach w e  neglected d i f fus ion .  

It is of considerable  i n t e r e s t  t o  see t h a t ,  desp i t e  t h e  d i f f e rences  

between our theory and Rik i take ' s ,  h i s  po lo ida l  ve loc i ty  f i e l d  is 

s i m i l a r  i n  its main f ea tu res  t o  our r e s u l t s ,  as Riki take has pointed 

out  (1967). 

i n  t h e  sense t h a t  whereas t h e  instantaneous rate of change of magnetic 

f i e l d  a t  t h e  core  su r face  may be dominated by t r anspor t ,  t h e  t i m e -  

averaged o r  equi l ibr ium p rope r t i e s  of t h e  su r face  f i e l d  could s t i l l  

be s t rongly  influenced by d i f fus ion  of t h e  f i e l d  from i n s i d e  t h e  

core.  

of t h e  polo ida l  f i e l d  is neg l ig ib l e  r e l a t i v e  t o  d i f fus ion  and t r anspor t  

of t h e  t o r o i d a l  f i e l d .  As w e  s h a l l  show i n  Sect ion 2, t h e  t o r o i d a l  

It is conceivable t h a t  both theo r i e s  may be use fu l ,  

However, we d isagree  with Riki take 's  content ion t h a t  t r anspor t  
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magnetic field cannot contribute directly to the secular change field 

(defined as the rate of change of the poloidal magnetic field) at 
the surface of or outside the core. This was implicit in our previous 

work and also that of Roberts and Scott (1965). 

In this paper we generalize our previous theory to include diffusion, 
and add dynamical information. 
some of the problems encountered in the determination of the core 

velocity on the basis of surface measurements. 

In doing s o ,  we discuss in more detail 

One aspect of the problem involves the determination of the 
values of the electric and magnetic fields at the interface between 
the core and the mantle. This is complicated by inaccuracies in 
the surface observations of magnetic fields, the absence of data 
on electric fields, and the difficulty of extrapolation through a 
mantle of uncertain properties. Except for a few remarks, we shall 
generally ignore these difficulties by regarding the mantle as nonconductive, 

by truncating the spherical-harmonic series f o r  the magnetic field, 
and by regarding the electric field as completely unknown. 

The other aspect of the problem, to which this paper is mainly 

devoted, is the determination of the fluid motion near the core surface 

from whatever information we have about field values at the core/mantle 

interface. Roberts and Scott (1965) derived a number of results 

concernlng this problem, and we have also discussed it in our previous 
papers. We first extend this discussion to include diffusion in 

Section 2. 

Roberts and Scott showed that the important field quantities 

should be continuous across the thin fluid boundary layer at the 

surface of the core. The determination of the surface velocity then 

rests upon finding dynamical constraints equal to the number of significant 

unknown variables, and the latter number depends upon what assumptions 
are made about core conditions. For example, if the electric and 

magnetic fields were both known at the core and magnetic diffusion 
were assumed negligible, the velocity would be uniquely determined 

by the induction equation of hydromagnetism. 
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Without t h e  e l e c t r i c - f i e l d  d a t a ,  t h e  v e l o c i t y  is  not  uniquely 

determined (Roberts and S c o t t ,  1965; Backus, 1968). This w a s  t h e  

case f o r  our earlier work, although w e  have argued (Vestine, B a l l ,  

and Kahle, 1967) t h a t  t h e  form of t h e  unobservable p a r t  of t h e  motion 

is l i m i t e d  i n  such a way t h a t  i f  t h e  magnetic f i e l d  is s u f f i c i e n t l y  

complex, one might s t i l l  be  a b l e  t o  determine t h e  broad-scale f e a t u r e s  

of t h e  v e l o c i t y  pa t t e rn .  

by represent ing t h e  v e l o c i t y  f i e l d s  i n  terms of f i n i t e  series, but  

t h i s  proves nothing.)  Our new r e s u l t s  tend t o  support t h i s  argument 

f o r  t h e  po lo ida l  component of flow, b u t  not so  w e l l  f o r  t he  t o r o i d a l  

flow (Section 5) .  

(Unique numerical answers w e r e  obtained 

Roberts and Sco t t  a l s o  showed t h a t  i n  t h e  absence of d i f f u s i o n ,  

an a r b i t r a r y  secular-change f i e l d  could not  be obtained from a nonsingular 

v e l o c i t y  f i e l d  through induction. They proposed t o  use t h i s  f a c t  

as a means of improving secular-change da ta  (removing u n c e r t a i n t i e s )  

by fo rc ing  t h e  d a t a  i n t o  consistency with a f i n i t e  v e l o c i t y  f i e l d .  

However, our r e s u l t s  i n  t h i s  and previous papers i n d i c a t e  t h a t  t h e  

required discrepancy i n  s e c u l a r  change is q u i t e  l a r g e  (at least f o r  

t he  f i n i t e  series used t o  represent  t h e  v e l o c i t y ) .  Therefore w e  

are moved t o  consider d i f f u s i o n  t o  exp la in  p a r t  of t h e  observed secu la r  

change, e s p e c i a l l y  with regard t o  t h e  d ipo le  terms. 

When d i f f u s i o n  cannot be neglected,  a d d i t i o n a l  c o n s t r a i n t s  are 

needed t o  determine t h e  ve loc i ty ,  and i n  Section 3 w e  de r ive  a p l a u s i b l e  

c o n s t r a i n t  from t h e  Navier-Stokes equation. However, when both t o r o i d a l  

and poloidal  cu r ren t s  con t r ibu te  s i g n i f i c a n t l y  t o  d i f f u s i o n ,  t h i s  

s t i l l  leaves too few condi t ions f o r  t h e  number of unknowns. 

I n  Section 4 we attempt t o  r e so lve  t h e  dilemma between t h e  singu- 

l a r i t y  o r  inconsistency i n  t h e  equations t h a t  occur without d i f f u s i o n  

and the  indeterminacy t h a t  occurs with d i f f u s i o n  by formulating a 

v a r i a t i o n a l  p r i n c i p l e  i n  which d i f f u s i o n  is minimized. 

p r i n c i p l e  contains  t h e  magnetic Reynolds number as an a r b i t r a r y  parameter, 

f o r  d i f f e r e n t  values  of which we  proceed t o  so lve  t h e  equations.  

We thus adopt a h e u r i s t i c  approach i n  which t h e  behavior of t h e  system 

( the  v e l o c i t y  and cu r ren t  p a t t e r n s  and t h e  f i t  t o  s ecu la r  change) 

is observed f o r  a range of Reynolds number, and allow t h e  r e s u l t s  

t o  suggest t h e  most reasonable value. 

The v a r i a t i o n a l  
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2. IMPLICATIONS OF THE INDUCTION EQUATION 

In our previous studies, we deduced the velocity at the core 

surface from the hydromagnetic induction equation alone, assuming 
that diffusion of the magnetic field could be neglected. However, 

that procedure had the unsatisfactory feature of solving a formally 
indeterminate equation. 

Furthermore, there is reason to doubt whether diffusion is as 
negligible as previously assumed. We shall therefore reexamine more 
carefully what can be deduced from the induction equation, taking 

account of the possibility of diffusion. 
The electromagnetic theory of the core is based on the standard 

equations of hydromagnetism (Elsasser, 1950, 1956), wherein the core 
fluid is assumed to be a good conductor obeying an isotropic Ohm's 

law and both displacement and charge-convection currents are neglected. 
For convenience we begin by recalling the following well-known equations 

-f -+ 
curl B = 4rJ 

-+ + -+ 
where J is the current, E the electric field, B the magnetic induction 
and $ and d are scalar and vector potentials (all in e.m.u.). The con- 
ductivity, u ,  will be assumed uniform in the core. 
need not be considered explicitly. 

Electric charge 

Equations (2.1) 
"induct ion" equation 

- + +  
v x B  

through (2.4) may be combined to obtain the 

+ 
3-A curl B 
at 4 7 ~ ~  

+ +  
= -E + J/u = V$ + - + (2 5) 
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The more familiar form of this equation is obtained by taking the curl, 
which yields 

3 3 & 
a B  - curl(v x B) + - 
-f 

- -  
at 4na 

The two terms on the right side of Eq. (2 .6)  represent the effects 
of induction and diffusion, respectively. The order of magnitude of 
the ratio of these two terms is usually characterized -- using a scale 
analysis -- by the magnetic Reynolds number 

-+ 
Rm = 4naL(vl (2.7) 

where L is the characteristic length scale. In the core it is usually 
assumed that Q - 3 x 

L - 1000 km, so Rm- 100. This implies that diffusion can be neglected 

for many purposes, and one thereby obtains the "frozen-flux" approxima- 
t ion 

e.m.u., fvl - 10 kmlyear = .03 cm/sec, and 

+ +  
= curl (v x B) - ai5 

at 

which is equivalent to neglecting S/a in Eq. ( 2 . 5 ) .  

used in our previous papers. 

This is the equation 

Returning to the general case, we examine what Eq. (2.5) implies 
about the velocity of the fluid. 

radial unit vector i with Eq. (2.5), one obtains 

By taking the cross-product of the 
A 

r 

1 ir x 3 
( P O + -  i t )+ 0 

At the surface of the core, the normal (radial) component of the * + 
velocity, vr, must vanish. 
components of V$ and &at must be continuous across the core/mantle 
interface (assumed infinitesimally thin), but the tangential components 

The normal component of B and the tangential 

We assume, for simplicity, that the core/mantle surface is spherical, 
e argument does not depend on this. 
entation requires this geometry. 

Only the toroidal-poloidal 
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+ + 

of t h e  c u r r e n t ,  JT, may be discontinuous.  

it is s u f f i c i e n t  t o  know 4 and & a t  j u s t  o u t s i d e  t h e  core  and JT j u s t  

i n s i d e .  

To determine v from Eq. (2.9), 
+ 

One might, i n  p r i n c i p l e ,  determine VTQ and & a t  by making s u r f a c e  

measurements and ex t r apo la t ing  them through t h e  mantle -- except f o r  

t h e  higher-frequency components, which are sh ie lded  by t h e  mantle. 

i n  p r a c t i c e  one l acks  s u f f i c i e n t  information about e i t h e r  t h e  values  

of t h e  electric f i e l d  a t  t h e  e a r t h ' s  su r f ace  o r  t h e  p r e c i s e  p r o p e r t i e s  

of t h e  mantle w i th  which t o  determine 9. 
no means of measuring t h e  core s u r f a c e  cu r ren t  J 

a t  its o rde r  of magnitude through assumptions about t h e  s t r u c t u r e  of 

t h e  magnetic f i e l d  i n  t h e  core ,  using J = c u r l  B / ( 4 n ) .  

s t u d i e s ,  we assumed t h a t  J i s  n e g l i g i b l e  j u s t  i n s i d e  t h e  core  ( t h e  frozen- 

f i e l d  approximation), whereby t h e  v e l o c i t y  a t  t h e  core  s u r f a c e  is given 

However, 

On t h e  o t h e r  hand, one has 
+- 

so  one can only guess T '  

+ + 
I n  our previous 

+- 

by 

(2.10) 

which is j u s t  t h e  i n t e g r a t e d  form of Eq. (2 .8) .  

It should be noted t h a t  one expects t h e  t a n g e n t i a l  v e l o c i t y  immediately 

adjacent  t o  t h e  boundary t o  be zero and t o  inc rease  t o  a f i n i t e  va lue  

inward through a t h i n  f l u i d  boundary l a y e r ,  as pointed out  by Roberts 

and Sco t t  (1965). 

t h i s  boundary l a y e r  with t h e  mantle as t h e  "top," and a l s o  i d e n t i f y  

an imaginary s u r f a c e  i n  t h e  region where t h e  v e l o c i t y  achieves i ts  mainstream 

value as t h e  "bottom" of t h e  boundary l a y e r ,  as i l l u s t r a t e d  schematical ly  

i n  Fig. 1. 
of t h e  f l u i d  near  t h e  bottom of t h i s  boundary l a y e r ,  denoted by vo. 

Roberts and S c o t t  argue t h a t  B w i l l  be unchanged ac ross  such a l a y e r  

(i.e., continuous i n  t h e  in f in i t e s ima l - l aye r  sense) and t h a t  vr w i l l  

s t i l l  be n e g l i g i b l e  a t  t h e  bottom. 

a l s o  continuous, so w e  may w r i t e  t h e  t a n g e n t i a l  c u r r e n t s  a t  t h e  top 

and bottom of t h e  l a y e r ,  r e s p e c t i v e l y ,  as 

For convenience we  w i l l  r e f e r  t o  t h e  i n t e r f a c e  of 

Now consider  t h e  va lues  of t h e  v e l o c i t y  i n  t h e  mainstream 
+- 

+ 

It follows t h a t  VT$ and af/at are 
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Solid mantle 

Liquid 

core \ 
0 

Fig. 1 -- Schematic diagram of Boundary Layer Surfaces. S 

denotes an imaginary surface where velocity achieves 

mainstream values, denoted as "bottom" of boundary 

layer. S i s  the core-mantle interface or "top1' of 

boundary layer. 
1 
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-b = +vTO - ( a I / a t ) , j  
JT1 

(2.11) 

-h 

J~ = O[-V,,+ - (&a t> ,  - ~,i, x '1 (2.12) 
0 

6 

which r e s u l t s  from t ak ing  t h e  cross-product of i with Eq. 2.9. 

Hence t h e  excess cu r ren t  a t  t h e  top of t h e  boundary l a y e r  is 
r 

h + -+ -b - JT = +aB i x v0 r r  
0 

(2.13) 

One might say t h a t  t h i s  excess cu r ren t  is induced by the  f i e l d  l i n e s  

which are dragged through t h e  slower-moving f l u i d  i n  the  boundary 

l a y e r .  

i n  Section 4, w e  s h a l l  mean J T  , t h e  cu r ren t  a t  t h e  o u t e r  p a r t  of 

t h e  mainstream, r a t h e r  than t h e  s t r ic t  su r face  value 

Since t h e  frozen-flux approximation r e f e r s  t o  t h e  mainstream 

It should be emphasized t h a t  when w e  speak of "surface current"  
-+ 
0 

3T1* 
-+ 

of t h e  f l u i d ,  one the re fo re  assumes t h a t  J T  

case. 

n e g l i g i b l e  f o r  a t h i n  boundary l aye r .  Equation (2.10) i s  s t i l l  appropr i a t e  

i f  one understands t h e  v e l o c i t y  t o  mean v . The consequence of t h i s  

argument is t h a t  t h e  boundary l a y e r  may be simply ignored i f  i t  is  

as t h i n  as Roberts and S c o t t  have argued. One simply allows t h e  

f l u i d  t o  s l i p  as i f  f r i c t i o n l e s s .  

f u r t h e r  i n  t h e  next s ec t ion .  

is  n e g l i g i b l e  i n  t h i s  

is  not  necessa r i ly  small, i t s  e f f e c t  w i l l  be 
0 

Although $T 
1 

-b 

0 

W e  s h a l l  d i scuss  t h e  thickness  

Equation (2.10) contains  a s i n g u l a r i t y  on those curves f o r  which 

Br vanishes ,  unless  t h e  numerator a l s o  vanishes thereon. 

and S c o t t  discussed t h i s  s i n g u l a r i t y  ( i n  o t h e r  terms) and showed 

t h a t  i t  implies  a c o n s t r a i n t  on t h e  secular-change f i e l d ,  & a t .  
They proposed t o  use t h i s  c o n s t r a i n t  t o  improve t h e  d a t a  on s e c u l a r  

change. However, we s h a l l  show below t h a t  t h e  d i f f u s i o n  o r  c u r r e n t  

Roberts 

term is not  so  obviously n e g l i g i b l e ,  a r e s u l t  which implies  t h a t  

t h e  e r r o r s  i n  secular-change d a t a  t h a t  t hese  workers propose t o  c o r r e c t  

might i n s t e a d  b e  a t t r i b u t e d  t o  a t o r o i d a l  s u r f a c e  c u r r e n t .  
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To clarify the field relationships, we can express the solenoidal 

velocity and magnetic vectors in terms of toroidal and poloidal fields 

(Elsasser, 1956). Let 

+ -  A 2  v = - curl (irx) - curl curl (irp) = ir x Vx + i r T  V 1-1 - VT (z) (2.14) 
-A irT - ir x VTS + Vs (2.15) 

-+ A A 

B = curl (irT) + curl curl (irS) 
(2.16) 

n 

a -  
r T  

* 
where we have used tangential operators defined by 

n A 

(2.18) - ie a i a - - -  
VT - r ae + r sin e K 

(2.19) 

(The scalars T and x determine the toroidal components or stream functions 
of the magnetic and velocity fields, while S and p determine the poloidal 
components. These roles are reversed for the d and 3 fields, wherein 

* 2 Some useful identities for these Operators are: V.VT = VT.VT = VT; 
v2 + 2/r a/ar; curl (1~) = - ir A x VTF; curl curl (irF) = - curl e. 

vT.v T 
A A 2  A 2  2 2  (ir x VTF) - -irVTF f VT(aF/9r) = - ir(VTF + a F/ar ) + v(aF/ar); curl 

A A A 

(VTF) = - curl (ir aF/ar) = ir x vT (aF/ar); VT.ir = 2/r. 
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T determines t h e  po lo ida l  and S t h e  t o r o i d a l  components.) 

6 is of no physical  s i g n i f i c a n c e  and is  determined by t h e  choice of 

gauge; f o r  example, t h e  condi t ion V.A = 0 implies  t h a t  

The scalar 

3 

A 

a (r2T) 
2 V 6 = - V.(irT) = - -- 2 ar r 

(2.20) 

I n  terms of t h e  po lo ida l - to ro ida l  r ep resen ta t ion ,  and using t h e  

f a c t  t h a t  vro = 0, we  can w r i t e  t h e  v e l o c i t y  a t  t h e  su r face  So as 

(2.21) 

4TU 

It is obvious t h a t  w e  can always e l imina te  t h e  s i n g u l a r i t y  ( a t  

B Z -  V;S ; 0) by appropr i a t e  choices of t h e  (unknown) func t ions  

a T / a r  and a S/ar  . I n  p a r t i c u l a r ,  d i f f u s i o n  of po lo ida l  l i n e s  of 2 
r 

2 2 2  fo rce ,  cha rac t e r i zed  by (VTS + a s/ar ) ,  is  equivalent  t o  an adjustment 

i n  t h e  s e c u l a r  change, aS/at ,  as w e  s t a t e d  above. 

On'e can a l s o  show t h a t  t h e  s e c u l a r  change is independent of t h e  

t o r o i d a l  magnetic f i e l d .  Consider t h e  r a d i a l  component of t h e  d i f f e r -  

e n t i a l  form of t h e  induct ion equation, which can be derived by 

mult iplying Eq. (2.21) by VTS and t ak ing  t h e  t a n g e n t i a l  divergence: 2 

aBr - 2 as 2 2  - - _  a t  - VT (=) = vT.(;ov;s) - -& VT(VTS + 9) (2.22) 

Obviously t h e  t o r o i d a l  f i e l d  has no d i r e c t  e f f e c t  on secu la r  change 

through e i t h e r  t r a n s p o r t  o r  d i f f u s i o n .  What occurs is a two-step 

process ,  l i k e  t h a t  used by Riki take (1967), i n  which t h e  t o r o i d a l  
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f i e l d  deeper i n  t h e  core  is d i s t o r t e d  by induct ive motions i n t o  

po lo ida l  f i e l d ,  which can then pene t r a t e  t h e  su r face  only by d i f fus ion .  

I n  t h i s  context no e x p l i c i t  assumption need be made about t h e  t o r o i d a l  

f i e l d ,  although w e  expect from t h e  l o w  r a t i o  of mantle-to-core conduct ivi ty  

(estimated a t  about 

This implies t h a t  To- 0 ,  although a T / a r  may be  s u b s t a n t i a l .  

t h a t  Jr w i l l  be n e g l i g i b l e  a t  t h e  boundary. 

It w a s  pointed out t o  the  authors by M r .  Arthur Richmond t h a t  

d i f f u s i o n  might reasonably be expected t o  have a s u b s t a n t i a l  e f f e c t  

on secu la r  change, i n  c o n t r a s t  t o  t h e  conclusion based upon the magnetic- 

Reynolds-number argument. The explanation f o r  t h i s  paradox is t h a t  

a t  t h e  su r face  of t h e  core ,  only t h e  weak po lo ida l  f i e l d  can con t r ibu te  

t o  t h e  induct ion term, whereas t h e  d i f f u s i o n  term is a f f ec t ed  by 

t h e  much s t ronge r  po lo ida l  magnetic f i e l d  which may e x i s t  somewhat 

deeper i n  t h e  core  (see below). To s t a t e  i t  another way, one sees 

from Eq. (2.22) t h a t  t h e  l eng th  s c a l e  which cha rac t e r i zes  t h e  induct ion 

t e r m  is t h e  ho r i zon ta l  scale, whereas t h e  v e r t i c a l  length scale -- 
which might be much s h o r t e r  -- is involved i n  t h e  d i f f u s i o n  t e r m .  

This s i t u a t i o n  r equ i r e s  t h a t  t h e  a c t u a l  o r  "e f f ec t ive"  Reynolds number 

a t  t h e  core  su r face  be defined by a more c a r e f u l  scale ana lys i s .  

W e  can de f ine  a s p e c i f i c  number i n  terms of root-mean-square m 
values  (denoted by < > rms) of t h e  terms i n  E q .  (2.22) as 

2 4no v L, 

where we  assume t h a t  t h e  standard R i s  defined by a length scale 

of t h e  o rde r  % (b and L 

Thus 

p l a u s i b l e  i f  one considers  t h a t  coupling of f i e l d s  by f l u i d  motions 

deeper i n  the  core  could r e s u l t  i n  po lo ida l  f i e l d  d e r i v a t i v e s  comparable 

t o  those of t h e  t o r o i d a l  f i e l d ;  i .e  (see Eq. 2.16), 

m 
denote ho r i zon ta l  and r a d i a l  length scales). R 

could be  of order  one i f  LR 'V LH/lO.  This s i t u a t i o n  is m 

** 

* 
A t  a reasonably high Reynolds number, Rm, t h e  motion can create very 

l a r g e  po lo ida l  f i e l d s  from t o r o i d a l  f i e l d s ,  o r  v i c e  versa. The u l t ima te  
r a t i o  depends upon t h e  dynamical s i t u a t i o n ,  and the re fo re  takes one i n t o  
dynamo theory. 
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a2s/ar2 - a T / a r  (2.24) 

T Since the  t o r o i d a l  f i e l d  deeper i n  t h e  core  (B ) may be l a r g e r  than t h e  

su r face  po lo ida l  f i e l d  (B:) ,* Eq. (2.24) implies  t h a t  t h e  po lo ida l  f i e l d  

has a small vertical length  scale v iz .  

o r  

P R - 
0 

(LR/LH) -- 
BT 

(2.25) 

To summarize the  s i t u a t i o n ,  w e  suggest t h a t  t h e  v e r t i c a l  l eng th  

scale of t he  magnetic f i e l d  i n  t h e  ou te r  p a r t  of t he  core  may be smaller 

than t h e  ho r i zon ta l  scale o r  t h e  t y p i c a l  l eng th  scale deeper i n  the  

core. The l a t t e r  s t i p u l a t i o n  is  necessary because the  t y p i c a l  magnetic 

Reynolds number f o r  most of t h e  core  must be l a r g e  t o  have an e f f i c i e n t  

dynamo. 

The p o s s i b i l i t y  of a small Em a t  t h e  su r face  is  a l s o  suggested 

by our  previous r e s u l t s  f o r  t h e  core  v e l o c i t y  [e.g., Table 4 (Vestine 

et a l . ,  1967)] ,  wherein we always found a l a r g e  discrepancy i n  the  

f i t  t o  t h e  d ipo le  terms; i .e . ,  between t h e  measured va lues  of t he  

s p h e r i c a l  harmonic c o e f f i c i e n t s  go and El, and t h e  va lues  ca l cu la t ed  1 
from our  der ived v e l o c i t y  f i e l d ,  Br = - VT.(B v ). A t y p i c a l  r e s u l t  

w a s  ( f o r  epoch 1960): 

= 5.3 y/year .  

cu r ren t  of t h e  form 

1 
-+ 

r o  
gy (measured) = 20.3 y/year and iy (ca lcu la ted)  

This  discrepancy could be  explained by a t o r o i d a l  s u r f a c e  

(2.26) 3 *  -+ 
J = o ( W / y r . ) a  /b ir x VT(cos e )  

* 
Strong t o r o i d a l  magnetic f i e l d s  are requi red  i n  most dynamo t h e o r i e s  

(Bul lard and Gellman, 1954; Elsasser, 1956; Braginskiy,  1967). 
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(a and b are t h e  r a d i i  of e a r t h ' s  ou te r  su r f ace  and core ,  r e spec t ive ly ) .  

But t h i s  cu r ren t  i m p l i e s ,  according t o  Eq. (2.17), a decrease of t h e  

d ipo le  component wi th  depth given by 

(2.27) 

The implied v e r t i c a l  l ength  scale is t he re fo re  about LR = 400 km 
-6 f o r  CJ = 3 x 10 e.m.u. From another po in t  of view, the  f r a c t i o n  

of change i n  8, assoc ia ted  with d i f fus ion  implies  a c h a r a c t e r i s t i c  

t i m e  of decay €o r  t h e  d ipole  f i e l d  of T = gy/gy = 2000 years ,  which 

is c lose  t o  t h e  h i s t o r i c a l l y  observed decay rate. This r e s u l t  is 

cons i s t en t  with a p i c t u r e  i n  which the  main d ipo le  f i e l d  of t he  e a r t h  

is ,  a t  present ,  generated by f r e e l y  decaying cu r ren t s  i n  the  ou te r  

400 km o r  so of t h e  core  (depending on t h e  conduct ivi ty)  superimposed 

on smaller motion-induced cu r ren t s  t h a t  make no long-term cont r ibu t ion  

t o  the  d ipole .  

0 

Although it is  conceivable t h a t  t h i s  discrepancy ( the  i n a b i l i t y  

t o  represent  t h e  observed secular  change by induct ion)  is due t o  t h e  

f i n i t e  v e l o c i t y  r ep resen ta t ion  (only terms up t o  n = m = 4 i n  the  

sphe r i ca l  harmonic c o e f f i c i e n t s  can be handled),  numerical experiments 

i n d i c a t e  t h a t  t h i s  is not  t h e  primary problem. 

fundamental c o n s t r a i n t  [ t h e  s i n g u l a r i t y  of Eq. (2.10) a t  Br = 01 c i t e d  

by Roberts and Sco t t  is the  real problem--an a r b i t r a r y  secu la r  change 

cannot be obtained from a given main f i e l d  through induct ion by a 
neneingular ve loc i ty  f i e l d .  Furthermore, s ince  t h e  discrepancy is 

l a r g e  f o r  t h e  well-determined d ipole  terms, i t  seems unl ike ly  t h a t  

i t  could be a t t r i b u t e d  t o  e r r o r s  i n  t h e  data--unless there  is a s t rong  

coupling, via t h e  motion, t o  higher-order, poorly determined terms 
i n  t h e  magnetic f i e l d .  

It appears t h a t  t h e  

To summarize, we see t h a t  t he  induct ion equation permits one 

t o  i n f e r  t h e  core  su r face  v e l o c i t y  i f  both electric and magnetic f i e l d  

d a t a  are a v a i l a b l e  and i f  t h e  cu r ren t  ean be  neglected.  

since e l e c t r i c - f i e l d  d a t a  are not  available, and t h e r e  is evidence 

t h a t  t h e  cu r ren t  is not  completely neg l ig ib l e ,  add i t iona l  information 

is  needed. 

However, 
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3. FLUID-DYNAMICAL CONSTRAINT 

We have s o  f a r  used t h e  magnetic induct ion equation, which desc r ibes  

the  e f f e c t  of motions on the  magnetic f i e l d .  To ob ta in  f u r t h e r  information, 

we  t u r n  t o  t h e  equation f o r  t h e  dynamics of t h e  f l u i d ,  t h e  Navier- 

Stokes equation. I n  t h e  r o t a t i n g  frame of reference of t h e  e a r t h ,  

t h i s  equation can be w r i t t e n  
* 

where 8 is  the  angular v e l o c i t y  of t h e  e a r t h ,  p t h e  f l u i d  d e n s i t y ,  

p the  pressure,  @ t h e  g r a v i t a t i o n a l  p o t e n t i a l ,  and v t h e  kinematic 
g 

v i s c o s i t y  . 
The important f e a t u r e  of t h i s  equation f o r  large-scale  core  

motions, as i n  meteorology, is t h e  very s m a l l  magnitude of t h e  i n e r t i a l  

terms r e l a t i v e  t o  t h a t  of t h e  f o r c e s ,  except f o r  t h e  C o r i o l i s  t e r m  

(E l sas se r ,  1956); i .e.,  t h e  a p r i o r i  assumption of s m a l l  a c c e l e r a t i o n s  

r equ i r e s  a balancing of fo rces .  This balance gives us an important 

c o n s t r a i n t  on t h e  unknown va r i ab le s .  

** 

I n  add i t ion  t o  neglect ing t h e  i n e r t i a l  terms, w e  may f u r t h e r  s implify 

Eq. (3.1) by t ak ing  account of t h e  presumably s m a l l  compressibi l i ty  

of t h e  core f l u i d .  L e t  

* 
W e  s h a l l  not take account of t h e  precessional  motion o r  torques 

discussed by Malkus (1963) ,  s i n c e  t h e  average value (over one d a i l y  
r o t a t i o n )  of t h e s e  fo rces  w i l l  no t  c o n t r i b u t e  t o  t h e  f i n a l  r e s u l t  
we  d e r i v e  i n  t h i s  s ec t ion .  

The i n e r t i a l  terms aG/az and (v.V)v are about lov5 t i m e s  t h e  
C o r i o l i s  terms f o r  t h e  scales assumed i n  Sect ion 2. 

** + +  
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where p is constant and E << 1. Reasonable estimates of E are 

sufficiently small that we can assume 
0 

-+ 
div v = 0 (3.3) 

and further neglect E in all terms of Eq. (3.1) except the large gravita- 
tional term (Boussinesq approximation). One can also rewrite R x (R x r) as 

-1/2 018 x :I 2, and include it in an effective gravitational potential 

+ + - +  

With these simplifications, the approximate form of the Navier-Stokes 
equation for the core can be written (Elsasser, 1956; Hide and Roberts, 

1961) 

(3.5) 
26 x ; = - VP + 3 x t / p o  - EV@ + vv 2+ v 

2-t where P E p/p + @. The viscous drag term, vV v, is important only in 

the boundary layer. The Lorentz force, J x B, is generally about 
O.l/z times the Coriolis term. 
nificant in limited areas of the core surface -- where J and B are larger 
than average and v small -- if E 
important in the induction equation. 

It should be noted that Eq. (3.5) has been derived on the assumption 
of quasi-steady motions of the fluid. It is possible that there exist 
turbulent or wave-like motions which have much shorter time or length 
scales (Malkus, 1963; Hide, 1966). Such motions would presumably not 
be observable at the surface of the earth, since high-frequency 
components of secular change are shielded by the mantle. 
difficulty is that these motions might be coupled to the observable 

) motions by the nonlinear terms in the equation of motion 

- t - t  
0 

Thus one expects that it may be sig- m 

is near one; i.e. if diffusion is m 

A possible 

and in the induction equation. However, to couple effectively, the 

nt motions must have wave numbers and frequencies whose sums 

or differences are comparable with the motions under study, and the 
interaction must proceed unidirectionally over a long period of time. 
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The e f f e c t  might then r equ i r e  an a l t e r a t i o n  of t h e  equations of motion 

f o r  t h e  observable motions i n  such a way t h a t  they would d i f f e r  from 

Eq. (3.1). 

found i n  atmospheric problems i n  t h e  "eddy v i scos i ty"  o r  Reynolds 

stress. It should the re fo re  be  understood t h a t  Eq. (3.5) neglec ts  

tu rbulen t  e f f e c t s ,  except as they may be included i n  t h e  v i s c o s i t y  

c o e f f i c i e n t  v. 

Coupling might lead  t o  f r i c t i o n a l  e f f e c t s  such as those 

The s ign i f i cance  of a f l u i d  boundary l a y e r  a t  the  core/mantle 

i n t e r f a c e  has  been discussed by Roberts and Sco t t  (1965) (as  mentioned 

i n  Sect ion 2) ,  who based t h e i r  conclusions upon work of Stewartson 

(1957, 1960a,b). 

t h e  s ign i f i cance  of t h e  boundary, we  be l i eve  t h a t  t h e i r  conclusions 

on t h e  d e t a i l e d  s t r u c t u r e  of t he  boundary are suscep t ib l e  of improvement, 

I n  p a r t i c u l a r ,  t he  r e s u l t  of Stewartson's which appears t o  have been 

used (1960a) d id  not  include the  Cor io l i s  e f f e c t ,  and f u r t h e r  assumed 

an equi l ibr ium between induct ion and d i f f u s i o n  i n  t h e  boundary l a y e r  

f o r  which = 0. It the re fo re  appears d e s i r a b l e  t o  examine t h e  

s t r u c t u r e  of t h e  boundary l a y e r  under more appropr ia te  assumptions. 

Although w e  are i n  general  agreement with them about 

I n  t h e  Appendix, we de r ive  an approximate so lu t ion  of Eq. (3.5) 
which gives  t h e  r a d i a l  dependence of t h e  v a r i a b l e s  i n  t h e  boundary 

layer .  

much less than t h e  ho r i zon ta l  scale length.  The general  expression 

found f o r  t h e  f l u i d  v e l o c i t y  i n  t h e  core ,  Eq. (A.28) ,  is 

The main assumption is t h a t  t he  thickness  of t he  l a y e r  is  
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where 

f(8,A) + d 7  -y + y + cos 8 (3.7) 

+ 
and where v must vanish a t  r = b and Vm is  a r b i t r a r y ,  except t h a t  

these  q u a n t i t i e s  must s a t i s f y  V*v = 0 and are assumed t o  vary only slowly across  

t h e  boundary l a y e r  ( i . e . ,  vr is zero a t  So as w e l l  as a t  S1). 

ve loc i ty  a t  t h e  su r face  S 

t o  be 

-+ r 

The 

as discussed i n  Sect ion 2 ,  is understood 
0’ 

where E > 6 is  some depth g r e a t e r  than t h e  boundary-layer thickness ,  

but  small relative t o  mainstream scale lengths .  

The nominal width of t h e  boundary l a y e r ,  6 ,  is  given approximately, 
3 2  for t h e  case of yo << lcos e I and v = 10 c m  /see, by 

which is t h e  usual  Ekman boundary l a y e r ,  w e l l  known i n  ordinary f l u i d  

mechanics. However, s u f f i c i e n t l y  c lose  t o  t h e  equator ,  Eq. (3.7) 
approximates t o  
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(3.10) 

The last  r e s u l t  is p rec i se ly  t h a t  given by Roberts and S c o t t ,  and 

is  due t o  the  f a c t  t h a t  t h e  C o r i o l i s  fo rce  term they neglected as a 

matter of convenience vanishes  a t  t h e  equator .  Hence we  see t h a t  except 

a t  t he  equator t h e  boundary l a y e r  is genera l ly  th inne r  than t h a t  

found by Roberts and S c o t t ,  a r e s u l t  which s t rengthens  t h e i r  conclusion 

t h a t  t h e  magnetic f i e l d  is  continuous across  t h i s  l aye r .  [This conclusion 

is examined i n  the  Appendix, Eqs. (A.26) and (A.27) . I  
Focusing a t t e n t i o n  on t h e  v a r i a b l e s  a t  t h e  su r face  of t h e  mainstream 

of t h e  core  (So i n  Fig. l ) ,  w e  see t h a t  t h e  f l u i d  equat ions ,  cons i s t ing  

of Eqs. (A.3) and (A.12), may be summarized as 

-+ 
Jo x 3 

26 x :: = -VP + - €V@ 
0 0 4 V P o  

v = o  o r  

(3.11) 

(3.12) 

W e  a l s o  found [ see  Appendix, Eq. (A.13)] t h a t  t h e  assumption of 

n e g l i g i b l e  mantle conduct iv i ty  implies  t h a t  ( a t  S o )  

= o  'or (3.13) 

I f  t h e  su r face  of t h e  core  is  an equ ipo ten t i a l  of t he  e f f e c t i v e  

g r a v i t a t i o n a l  p o t e n t i a l  a ,  then a t  t h i s  su r f ace  

e. 

V@ = ing  (3.14) 
n * 

where i is t h e  normal t o  t h e  core  sur face .  Hence w e  can e l imina te  n 
t h e  g r a v i t a t i o n a l  term from Eq. (3.5) by tak ing  i ts  cross-product 

wi th  in. I f  t h e  
n 

* 
S m a l l  dev ia t ions  of t h e  normal vec to r  from t h e  g rav i ty  plumb l i n e  

might r e s u l t  i n  l a r g e  t a n g e n t i a l  forces .  
t h e  present  theory ignores  t h e  p o s s i b i l i t y  of "bumps" on t h e  lower 
mantle su r face ,  such as those  discussed by Kern [1965]. 

By excluding such dev ia t ions ,  
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core surface is a smooth spheroid, it is sufficiently accurate for the 

geometrical analysis to take i = ir; i.e., to neglect the small 

aspherical effects. 

theory. ) Thus 

A (L 

n 
(This was already assumed in the electromagnetic 

i x pi? x f ] 5 -2Q cos e 3 vo 
r 0 

(3.15) 
A = -ir x VTP + ( B r / ~ , ) J o  + 
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4 .  SURFACE FLOW ANALYSIS 

The complete equations for the surface flow consist of Eqs. (2.12) 

and (3.15), together with Eqs.  (3.12) and (3.13), which can be summarized 
as 

-1  x VTS - Brir x v0 
-+ 

JO 

and 

-+ 
We can eliminate Jo between these equations (and also eliminate 

n -+ -+ 
ir x v in terms of vo) to obtain 

0 

where 

E aBr/(2Slp 2 ) 
YO 0 

(4.4) 

-+ 
Resubstitution of v into Eq. (4.1) gives 

0 

2 a 'VT$ + ir x V T i )  cos e -+ 

Jo = ( cos2e + .:) 
(4.5) 

n 

-y cos e(; r T  x v $ + V T i )  + (cos e VTP + yoir x VTP 
0 
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-+ 
It is noteworthy that vo and z0 have finite limits when either 

cos 8 = 0 or Br = 0 (but not both); for example, 

-+ 
Lim vo = 

8 -f ?r/2 'r OBr 

i r x VTr$ + V T i  -- 'oVTp 
2 

and 

e 

-+ ir x VTP 
262 cos0 Lim vo = 

Br -+ 0 

(4 6 )  

(4.7) 

Hence the expressions (4.3) and (4.5) have only a finite number of 
isolated singular points-- the intersections of the geographic equator 

with the curves Br = 0 .  

ities by proper choices of the functions 4 and P. By contrast, the 

frozen-flux equation, ( 2 . 1 0 ) ,  has a singularity on the entire curve 
Br = 0 .  

and P ,  so v is still essentially undermined. However, if the effective 

magnetic Reynolds number 
must be small, and in the limit z0 = 0, Eq. (4.7) implies that 

It should be possible to remove these singular- 

Equations ( 4 . 3 )  and (4.5) involve the two unknown functions r$ 
-b 

0 

defined in Eq. (2 .23)  is large, then 5o m 

which implies from Eq. (4.5) that 

A 

-+ ir x VTP 
v =  

0 2n cos e (4 9) 



-22 - 

o r  

A 

3 i r T  X V C ~ + V , B  
v =  

Br 0 
(4.10) 

Equations (4.9) and (4.10) are re spec t ive ly  t h e  geostrophic condi t ion 

and t h e  frozen-flux approximation. Taken toge the r  [ i . e . ,  Eq. ( 4 . 8 ) ] ,  

they provide s u f f i c i e n t  information t o  determine a l l  q u a n t i t i e s ,  bu t  t h e  

form of t h e  equations is such t h a t  they do not  always possess a simultaneous 

s o l u t i o n  -- even i f  Eq. (4.10) w e r e  nonsingular by i t s e l f .  This follows 

from t h e  f a c t  t h a t  t h e  q u a n t i t i e s  ir x VTP and ir x V Cp are t o r o i d a l  

vec to r s ,  whereas t h e  given quan t i ty  V S is  a po lo ida l  vec to r .  For 

example, i f  Br w e r e  proport ional  t o  cos 0 (dipole  f i e l d ) ,  VTS could not 

be d i f f e r e n t  from zero. Hence the  simultaneous s a t i s f a c t i o n  of Eqs. 

(4.11) and (4.12) f o r  a r b i t r a r y  Br and B 

than the  s i n g u l a r i t y  discussed by Roberts and Sco t t  (1965). 

A A 

* T 

T 

i s  a much more severe c o n s t r a i n t  r 

We have found t h a t  t h e  d a t a  are apparent ly  not p e r f e c t l y  cons i s t en t  

with t h i s  c o n s t r a i n t ;  thus e i t h e r  one must have a nonzero cu r ren t  o r  else 

the  f l u i d  dynamical approximations w e  have made i n  de r iv ing  Eq. (4.2) 

are inco r rec t .  (The t h i r d  p o s s i b i l i t y ,  e r r o r s  i n  the da ta ,  can a l s o  be 

represented as nonzero cu r ren t ,  as discussed i n  Section 2.) 

The po in t  of view w e  should l i k e  t o  adopt is  t o  regard t h e  f l u i d -  

dynamic c o n s t r a i n t ,  Eq. (4.2),  as c o r r e c t  and t h e  electric 

cu r ren t  as s m a l l  but  no t  e n t i r e l y  neg l ig ib l e .  

E 
mate s o l u t i o n  f o r  t h e  system f o r  which t h e  v e l o c i t y  is  nonsingular 

and which corresponds t o  t h e  least value of J . This condi t ion may 

be expressed mathematically by specifying t h a t  t h e  i n t e g r a l  

This would be  t h e  case i f  

w e r e  moderately l a r g e ,  say of t h e  o rde r  of 10. W e  s h a l l  seek an approxi- m 

-f 

0 

( 4  e 11) 

over t h e  su r face  of t h e  core  be a minimum, where Cp and P are treated 

as independent v a r i a b l e s  and vo is required to  be nonsingular ( i n  some 
-f 

* 
Poloidal  and t o r o i d a l  vec to r s  on a s p h e r i c a l  su r f ace  are l i n e a r l y  

independent. 
of t h e i r  inner  product vanishes i d e n t i c a l l y .  

They are orthogonal i n  t h e  sense t h a t  t h e  su r face  i n t e g r a l  
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sense) as anauxiliary condition. To make this condition explicit, we 

shall specify that 
* 

IJ {GOl2dS = constant < m (4.12) 

Assuming the constant in Eq. (4.12) is not varied, we can combine E q s .  

(4.11) and (4.12)'by Lagrange's method of multipliers to obtain the 

variational principle 

( 4 . 1 3 )  

= o  

where the factor 2Rpoa has been used to render the multiplier A dimension- 
less. Since the constant in Eq. (4 .12 )  has not been specified, the 
multiplier A cannot be determined from the variational principle. It 
is, at the outset, a free parameter related to the effective Reynolds 

number . m 
The Euler-Lagrange equations which are obtained from Eq. ( 4 . 1 3 )  by 

varying @ and P are 

-f 
VT'X = 0 

and 

-b 
V f Y  = 0 

(4.14) 

(4.15) 

* 
Although the specification of a bounded integral is not mathematically 

equivalent to a nonsingular velocity field, it is a more convenient 
analytical formulation and will suffice to provide the desired result 
in terms of the numerical methods used here. 
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where 

I: x vTp - COS e 2 [(cos 2 8 + Ayo) ( V T 4  - ir x V T i )  + - Br ( A i  * 

2R 

I n t e g r a t i o n  of t hese  equations gives  t h e  s o l u t i o n s  

+ n A 

X = (2Rpoh/or) c u r l  (i,U) E - (2RpoA/a)ir x VTU (4.18) 

+ * A 

Y = (2RpoA/a) c u r l  (irV) E - (2RpoA/a)ir x VTV (4.19) 

where U and V are a r b i t r a r y  funct ions on t h e  core s u r f a c e  (a constant  

f a c t o r  2Rp A/a has been i n s e r t e d  f o r  la ter  convenience). 
0 

We can solve E q s .  (4.16) and (4.17) t o  ob ta in  P and 4 i n  terms of 

U ,  V ,  S and Br: 

n A 

ir x VTP = 2RBr COS 8 VTU + A i r  x VTU + ~ R ( C O S  e + yoA) VTV 2 (4.20) 

Using Eqs .  ( 4 . 2 0 ) ,  (4.21), (4.3), and (4.5), we o b t a i n  expressions 

f o r  ;o and 5,: 
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(4.22) 
-t 
v = B V U + cos 0 VTV 

o r T  

aBrVTV + 2Rpo ir x VTU) (4.23) 
-+ 

We can also obtain differential equations for U and V by eliminating 
P and $I from Eqs. (4.20) and (4.21) by operating with the tangential 
divergence: 

A 

VT'(ir x VTP' 2 & = 0 = B cos 0 VTU + V B *(COS 0 V U + Air x VTU) 2R r T r  T 

2 2 2 sin 0 cos 0 Br sin 0 - vOu + (cos e + YoA)VTV - r r 

aBrA 
+- VrBr *VTV 

RpO 

= (B 2 + 2QpoA/~)VTU 2 + 2Br VTBr*VTU 
r 

+ VTBr* (cos 0 VTV - Air x VTV) 

2 - Br sin vev + B cos 0 VTV r r 

(4.24) 

(4 25) 

Equations (4.24) and (4.25) are restatements of the fluid-dynamical 

constraint, (4.2), and the induction equation, (4.1), respectively, in 

terms of the functions U and V and the parameter A. The variational 

principle has therefore eliminated the indeterminacy (by effectively 

adding two new conditions) and has led to expressions which are inherently 

nonsingular. 

and (4.25) in terms of known values of B and ir. 
The remaining task is to choose A and to solve Eqs. (4.24) 

r 
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We have pursued a heuristic approach by solving the equations for 
several different values of A and examining how the solutions vary with 
A. Equation ( 4 . 2 3 )  indicates that Jo is explicitly proportional to A 
(ignoring the implicit dependence of U and V on A ) ,  so one expects m 
to be approximately inversely proportional to A. We have solved Eqs. 
( 4 . 2 4 )  and ( 4 . 2 5 )  simultaneously by least squares numerical approximation 
for several values of A, corresponding to Reynolds numbers (E ) between 

20 and about one. 

-f 

m 

The method of solution of the equations is similar to that used in 
our earlier papers (Kahle, Vestine, and Ball, 1 9 6 7 ) ,  involving extrapolation 

of main geomagnetic field and secular change data for epoch 1960 (Cain 
et al., 1 9 6 7 )  to the core. Spherical harmonic expansions of the magnetic 
field are terminated at order and degree four, and the functions U 
and V are expanded in spherical harmonics to the same order. 
coefficients of U and V are obtained by evaluating Eqs. ( 4 . 2 9 )  and ( 4 . 2 5 )  

at 6 1 2  grid points and applying a least-squares and matrix-inversion 
technique. 

The 48 

-+ -f 
Values of J and v are computed from Eqs. ( 4 . 2 2 )  and ( 4 . 2 3 ) .  It 

0 0 

is convenient to represent these quantities by poloidal and toroidal 
potentials, wherein 

* 

and 

( 4 . 2 6 )  

( 4 . 2 7 )  

The additional numerical step required to obtain the functions J,, x, K, 
and T from U and V is a cumbersome but essential part of the process, 
since the introduction of the intermediate functions U and V is precisely 
the means by which singularities have been eliminated. 

* 
These new definitions are related to Eqs. ( 2 . 1 4 )  through ( 2 . 1 7 )  by: 

2 2 2  x x, J, 

T = -  (47r)-I aT/ar ( V E T  = 0 at core surface). 

adar (VTp = 0 at core surface), K = ( 4 s ) - l ( V 3  + a s/ar ), and 
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5 .  DISCUSSION OF RESULTS 

I n i t i a l  r e s u l t s  obtained from t h e  v a r i a t i o n a l  p r i n c i p l e ,  Eq. ( 4 . 1 3 ) ,  

gave r a t h e r  s m a l l  values  of t h e  zonal flow v e l o c i t y  ( t h e  longitude- 

independent p a r t  of x), including a westward d r i f t  t e r m  of 

about .005'/yr. A l s o ,  t h e  f i t  t o  t h e  s e c u l a r  change f i e l d  w a s  

poor f o r  values  of E g r e a t e r  than about one. m 
This r e s u l t  w a s  apparent ly  due t o  t h e  unnecessar i ly  severe r e s t r i c t i o n  

imposed on t h e  zonal flow v e l o c i t y  by t h e  form of t h e  v a r i a t i o n a l  

p r i n c i p l e .  One can show t h a t  zonal flow t e r m s ,  given by 

have no e f f e c t  on t h e  f l u i d  c o n s t r a i n t ,  Eq. ( 4 . 2 ) .  Therefore one can 

ob ta in  g r e a t e r  freedom i n  s a t i s f y i n g  t h e  induct ion equation ( f i t t i n g  

secular-change d a t a )  by a l t e r i n g  t h e  s i d e  condi t ion of t he  v a r i a t i o n a l  

p r i n c i p l e ,  Eq. ( 4 . 1 2 )  , s o  t h a t  t h e  i n t e g r a l  of Iv 

r a t h e r  than lvol . 
but  adds 7 t o  t h e  r i g h t  s i d e  of Eq. ( 4 . 2 2 )  so t h a t  

+ - Zz 1 i s  constrained 

This change leaves Eqs. ( 4 . 2 3 )  and ( 4 . 2 4 )  una l t e red ,  
0 + 2  

+ +z v = V  + B V U + C O S ~ V ~ V  
0 r T  (5 2 )  

It a l s o  adds t e r m s  wi th  t h e  a d d i t i o n a l  (not e n t i r e l y  independent) 

unknowns A' t o  Eq. ( 4 . 2 5 ) .  The r e s u l t s  i n  t h i s  paper w e r e  

obtained with these  modified equations.  
n 

With t h e  modified equations w e  obtained a b e t t e r  f i t  t o  t h e  

secular-change d a t a  and reasonable values  of zonal v e l o c i t y .  Table 1 

shows t h e  derived secular-change c o e f f i c i e n t s  f o r  several va lues  of fi 
t oge the r  with o r i g i n a l  d a t a  of Cain (1967) f o r  epoch 1960 and a l s o  

t h e  comparable r e s u l t s  obtained by our previous method (Kahle, Vestine,  

and B a l l ,  1967). 

having t h e  c o r r e c t  s i g n  and an r . m . s .  e r r o r  of only 13 percent .  A s  is in- 

creased,  t h e  f i t  dec l ines  only gradual ly  f o r  most c o e f f i c i e n t s ,  although 

a few -- notably hl -- d e t e r i o r a t e  much more r ap id ly .  

m y  

The f i t  is  acceptable  a t  E = 1 . 2 ,  with a l l  c o e f f i c i e n t s  m 

m 

01 
The tendency f o r  
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c o e f f i c i e n t s  of h ighe r  o rde r  t o  be represented somewhat b e t t e r  than 

those of lower o rde r  is due, a t  least i n  p a r t ,  t o  t h e  f a c t  t h a t  t h e  

numerical f i t  was  made a t  t h e  core  su r face ,  where higher-order terms 

are considerably amglif i e d  . 
The values  of westward d r i f t  v e l o c i t y  (Ao) obtained with t h e  modi- 1 

f i e d  equations a l l  l i e  i n  t h e  narrow range .12  t o  .15'/yr. (.13'/yr 

equals .025 cm/sec o r  7.9 kmlyr l i n e a r  v e l o c i t y  a t  t h e  equator on t h e  

core su r face . )  This is c l o s e r  t o  t h e  values  normally found; i n  

p a r t i c u l a r ,  i t  agrees  w e l l  wi th  the  estimated range .13 ? .3"/yr 

ca l cu la t ed  by Richmond [1968] by a very d i f f e r e n t  method. Furthermore, 

i n  c o n t r a s t  t o  our previous'method, t h e  value obtained by our  new 

method appears t o  be r e l a t i v e l y  i n s e n s i t i v e  t o  s l i g h t  changes i n  

t h e  d a t a ,  such as o rde r  and degree af t runca t ion .  

Contour maps of t h e  funct ions $, x, IC, and T, which c h a r a c t e r i z e  
3 + 
v 

Coef f i c i en t s  of t h e  s p h e r i c a l  harmonic expansions f o r  t hese  funct ions,  

defined by t h e  general  form 

and Jo, are shown i n  Figs .  2 through 4 f o r  several values  of 
0 m' 

4 n  
IJJ = b l  1 P:(0) cos mh + f3: s i n  

, n=l  m = l  

are given i n  Tables 2 and 3 .  

v e l o c i t y )  f o r  Em = 1.2,  4.3, and 20, p lus  t h e  corresponding r e s u l t  from 

our previous method, denoted by Em = 00. 

change i n  form and a gradual  i nc rease  i n  i n t e n s i t y  as 

Rm 
because t h e  l a t te r  w a s  obtained with no fluid-dynamic c o n s t r a i n t .  

Contours of t h e  t o r o i d a l  v e l o c i t y  represented by t h e  stream func t ion  x 
-- minus t h e  uniform westward d r i f t  term A; cos 8 -- are shown i n  Fig. 3 

f o r  t h e  same four  cases. Again t h e  form and i n t e n s i t y  change only 

gradual ly  as zm is increased,  b u t  here  t h e  p a t t e r n s  do no t  tend t o  

converge toward t h e  o l d  = r e s u l t  -- a t  least up t o  E = 20. The Em = m 

p a t t e r n  shows a much g r e a t e r  i n t e n s i t y  (note t h e  d i f f e r e n t  contour i n t e r v a l )  

and a d i f f e r e n t  p a t t e r n  of flow, although i n  some of t h e  more i n t e n s e  

Figure 2 shows $ ( t h e  po lo ida l  p a r t  of t h e  

The p a t t e r n s  show a s m a l l  

i nc reases .  The 

= 20 case c l e a r l y  resembles t h e  old Em = m case, which is  i n t e r e s t i n g  
m - 

m m 
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p9 urn= 1 (INTERVAL: ~0~103 

Fig. 2a Fig.  2b 

Contours of v e l o c i t y  p o t e n t i a l  Jt (3 = -vT'#) f o r  po lo ida l  com- 

ponent of flow, magnetic Reynolds numbers, Rm = 1.2, 4.3, 20, and 

m; case of Rm = OD derived by previous method (Kahle, Vest ine,  and 

Bal l ,  1967). 

- 
- 

4 2  Contour i n t e r v a l s  a r e  50 x 10 cm /sec. P o s i t i v e  va lues  a r e  

shown as s o l i d  l i n e s  (-) , negat ive  values  by dashed l i n e s  (---I, 
and zero contours by heavy s o l i d  l i n e s  (-), Veloc i ty  vec to r s  

a r e  added t o  &I = 4 case f o r  c l a r i t y .  
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x Em= 1 (INTEUVAL: SO x 104) 

Fig. 3a 

s of stream function x (G = ir x Vx) for toroidal com- 

ow, for magnetic Reynolds numbers, Rm = 1.2 ,  4 . 3 ,  20, 
i . e . ,  contours shown 

- 
tward dr i f t  term i s  not included; 

0 2 A1 cos 8 . Contour intervals are in  cm /sec. Arrows 

are added to  denote direction of flow, 
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Fig. 4a Fig. 4b 

Fig. 4c Fig. 4d 

Contours of current functions 7 (poloidal current) and K 

(toroidal current) (3 = ir X V K  - V T). Contour intervals dcffer for 

each case (given i n  units of amph or 10 

do not include uniform zonal f low; i . e . ,  only K - cy cos 6 i s  shown. 

-3 abamp/cm). K contours 
0 

1 
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regions (South Afr ica  and South A m e r i c a )  t he  flows are s t i l l  s i m i l a r l y  
d i r ec t ed .  Consideration of t h e  c o e f f i c i e n t s  i n  Table 2 i n d i c a t e s  t h a t  
higher-order harmonics are much more dominant i n  x f o r  t h e  Em = - 
s o l u t i o n ,  a circumstance which is probably r e l a t e d  t o  
discussed i n  Sect ion 2. 

Figure 4 shows t h e  po lo ida l  and t o r o i d a l  p a r t s  of 

T and K ,  r e s p e c t i v e l y ,  f o r  t h e  two cases E = 1.2  and 

t h e r e  are no c u r r e n t s  i n  t h e  = - case.) For t h e s e  
m 

m 

t h e  s i n g u l a r i t y  

t h e  cu r ren t ,  

4.3. (Of course 

q u a n t i t i e s ,  t h e  

magnitudes vary nea r ly  inve r se ly  with Em, b u t  t h e  p a t t e r n s  again tend 

t o  r e t a i n  a similar form, e s p e c i a l l y  K .  

harmonic expansion of T and K are given i n  Table 3. T begins t o  change 

more r ap id ly  as Em decreases t o  a value of one and less. Above a value 

of one, t h e  p a t t e r n  is predominantly one of cu r ren t  upflow a t  both 

poles  and downflow i n  a b e l t  around t h e  equator.  

Coe f f i c i en t s  of t h e  s p h e r i c a l  

To t h e  ex ten t  t h a t  they have physical  v a l i d i t y ,  t h e  su r face  cu r ren t  

p a t t e r n s  give one some information about t h e  magnetic f i e l d s  deeper i n  

t h e  core  -- s p e c i f i c a l l y ,  about t he  rate of change with depth. The T 

f i e l d  relates t o  d i f f u s i o n  of t h e  t o r o i d a l  magnetic f i e l d  [ ~=- (4a ) -%T/a r ] .  

(T is assumed t o  be zero a t  t h e  su r face . )  The T p a t t e r n s  shown 

i n  Fig.  4 i n d i c a t e  a t o r o i d a l  magnetic f i e l d  t h a t  i nc reases  with 

depth and is predominantly of t he  To type [i.e., varying l i k e  the  

s p h e r i c a l  harmonic P i ( 0 )  ] -- d i rec t ed  eastward i n  t h e  northern hemisphere 

and westward i n  t h e  southern hemisphere. Such a f i e l d  is pos tu l a t ed  

i n  several dynamo t h e o r i e s  (Bullard 1949; Bullard and Gellman, 1954; 

Parker,  1955; Elsasser, 1956). 

2 

The K funct ion is  r e l a t e d  t o  d i f f u s i o n  of t h e  po lo ida l  magnetic f i e l d ,  
which r e s u l t s  from both r a d i a l  and h o r i z o n t a l  g rad ien t s  [ ~ = ( 4 a )  -1 (V 2 S + a 2 2  S /a r  ) ] .  

T 
The h o r i z o n t a l  g rad ien t s  are presumed known from s u r f a c e  d a t a ,  bu t  
s i n c e  we  have included s p h e r i c a l  harmonics only t o  order  fou r ,  such 

d e r i v a t i v e s  can produce only d i f f u s i o n  corresponding t o  of t h e  
2 orde r  10 o r  more. 

t h e  unknown v e r t i c a l  d e r i v a t i v e s  f o r  t h e  low values  of under 

considerat ion.  

proport ional  t o  f o r  l a r g e r  values ,  but  some c o e f f i c i e n t s  tend 

t o  level o f f  t o  a constant  value as approaches one. For example, m 
t h e  a x i a l  d i p o l e  t e r m  approaches 2 .7  x 

Table 3). 

m 
Hence t h e  value of K is mostly determined by 

m 
The ca l cu la t ed  c o e f f i c i e n t s  of x are roughly inve r se ly  

m 

abamp/cm2 near = 1 (see m 
This value implies t h a t  t h e  d i p o l e  t e r m  decreases  with depth 
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with a scale length of 430 km, which is comparable with the value 

inferred in Section 2 from our previous theory. It accounts for 
a diffusive decay of 13.3 y/yr, or 95 percent of the observed secular 
change of the axial dipole component of the magnetic field at the 
earth's surface. Contour maps of K for two cases are shown in Fig. 
4. In Table 3 we also show the equivalent K corresponding to the error 
in secular change found by our previous method. This K field resembles 
the presently derived values to a striking degree, especially for Em = 4.3, 
which tends to reinforce the idea that this diffusion is necessary to 
explain the observed secular change. 

In summary, we have obtained a family of particular solutions for 
the velocity and current fields near the surface of the core. These 
solutions -- in terms of finite spherical-harmonic expansions -- tend 
to satisfy the original equations more closely as the magnetic Reynolds 
number is reduced. The r.m.s. fit to the secular change field is within 
13 percent at = 1.2, and is still within 33 percent at Em = 4.3. 
No particular value of E 
to indicate a preferred choice within this range. Fortunately, the 
velocity field does not change much over this range of E 
fairly well determined. 
roughly determined in form, but much less well in magnitude. 
form and magnitude of the currents are physically reasonable for values 
of Em of the order of one or larger. 

fluid-dynamic constraint to the hydromagnetic induc;ion equation and 
imposing an additional variational condition. 
guarantees, essentially, that the velocity and current fields will 
(1) be nonsingular and (2) will have a fixed ratio of r.m.6. velocity 
and current (i.e. E ). 
solution exists, and indeed the results indicate that only for suf- 
ficiently small Em can one satisfy the equations to a desired degree of 
approximation. 
the completeness of the finite spherical-harmonic representations, but 
numerical experiments indicated that this was not the primary source of 

error in fitting secular change.) 

m 
can be singled out as a clear turning point m 

so that it is m' 
The corresponding surface currents are also 

Both the 

The particular family of solutions was obtained by adding a plausible 

The variational condition 

The condition does not guarantee that such a m 

(The ability to satisfy the equations may also depend on 

While this variational principle is rather arbitrary, it does 

appear to be the simplest such condition which achieves the desired 
result of nonsingularity. 
form, contains both J 

The principle, Eq. (4.13), as well as its modified 
-t + and vo quadratically, with constant coefficients, 
0 
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and without t h e i r  de r iva t ives .  I f  p o s i t i v e  powers of Br are included, 

t he  r e s u l t i n g  Euler-Lagrange equations are not  manifest ly  nonsingular.  

For example, i f  one were t o  minimize t h e  i n t e g r a l  of t h e  work done by 

t h e  f l u i d  aga ins t  e lectromagnet ic  forces  near t h e  sur faces  of t h e  core,  

v -+ 0 (Z0 -+ x 8) 
vo and Jo would have t h e  forms (analogous t o  Eqs. 4.22 and 4 . 2 3 )  

n 3 -+ -+ 
* (vo x Jo), then t h e  r e s u l t i n g  equat ions f o r  'rir 

-+ n 

v = V ~ K / B ,  - ir x V ~ L  
0 

-+ h A 

Jo = a i r  x VTK + (2Qpo cos O ) i r  x VTL/Br 

which are s ingu la r  a t  Br = 0. 

imposing a l t e r n a t i v e  s i d e  condi t ions based on o the r  phys ica l ly  reasonable 

assumptions. For example, one such phys ica l  condi t ion  might be based 

on the  f a c t  t h a t  t h e  e l e c t r i c  p o t e n t i a l  a t  t h e  core  sur face  is d i r e c t l y  

r e l a t e d  t o  t h e  cu r ren t s  which flow i n  t h e  mantle,  and the re fo re  t o  

t h e  core/mantle torque coupling. 

alter t h e  f l u i d  dynamic c o n s t r a i n t  t o  take  account of g r a v i t a t i o n a l  

stresses r e s u l t i n g  from deformations of the  core/mantle i n t e r f a c e  

as in fe r r ed  from o the r  geophysical cons idera t ions  (heat  flow, g rav i ty  

anomalies, e t c . )  Such a l t e r n a t i v e  approaches would cf course have 

to a l s o  lead  t o  nonsingular v e l o c i t y  f i e l d s  and reasonable  representa t ions  

of t h e  observable da ta .  

It would be i n t e r e s t i n g  t o  i n v e s t i g a t e  so lu t ions  obtained by 

Another p o s s i b i l i t y  might be t o  

We have found a p l aus ib l e  s o l u t i o n  which s a t i s f a c t o r i l y  reproduces 

the  secu la r  change. 

i t  is  s a t i s f y i n g  t o  note  t h e  c l o s e  s i m i l a r i t y  wi th  the  + p a r t  of 

t h e  previous Em = 00 s o l u t i o n ,  which w a s  der ived wi th  fewer condi t ions.  

The ch ief  d i f f e rence  appears t o  be  t h a t  t h e  add i t ion  of d i f f u s i o n  has 

made i t  poss ib l e  t o  s a t i s f y  t h e  induct ion equat ion with a less complex 

x f i e l d .  

While i t  has not  been proven t o  be unique, 

It should be noted t h a t  t h e  present  numerical method does not  allow 

us t o  use t h e  d a t a  t o  b e s t  advantage, s i n c e  eva lua t ion  of t h e  f i e l d s  at  

t h e  core  overemphasizes t h e  poorly known higher-order components 
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of Br and ir. 
given by Roberts and Scott, would enable one to utilize better statisti- 
cal weighting in performing the least-squares fit. The additional 
complexity this would have necessitated did not seem warranted for the 
present purpose, which was to study the effect of a particular constraint 
on the system. 

A matrix form of the induction equation, such as that 



-39- 

APPENDIX 

ANALYSIS OF BOUNDARY LAYER 

W e  seek an approximate s o l u t i o n  of Eq. (3.5) i n  t h e  boundary 

l a y e r  with the  assumption t h a t  t h e  s c a l e  l eng th  f o r  h o r i z o n t a l  v a r i a t i o n s  

is much l a r g e r  than t h e  v e r t i c a l  scale l eng th ,  o r  boundary-layer thick- 

ness. 

It is convenient t o  sepa ra t e  each of t h e  dynamical v a r i a b l e s  i n t o  

a mainstream component (denoted by subsc r ip t  M ) ,  which is assumed t o  

have n e g l i g i b l e  v a r i a t i o n  i n  t h e  boundary l a y e r ,  and a boundary-layer 

component (denoted by s u b s c r i p t  B ) ,  which is assumed t o  vanish ou t s ide  

t h e  boundary l a y e r .  

+ 3  3 
B = B  + B B  M 

+ +  -?- 
v = v  + V B  M 

+ +  3 
J = J + JB , etc.  M 

The theory may be  pursued i n  a formal way by expanding the  equations 

i n  powers of t h e  boundary-layer thickness ,  6 .  We s h a l l  d i scuss  only the 

lowest o rde r ,  i n  which ho r i zon ta l  g rad ien t s  are neglected r e l a t i v e  t o  

ver t ical  g rad ien t s .  Furthermore, w e  s h a l l  assume a p r i o r i .  t h a t  the 

absolute  magnitude of t h e  thickness  is s u f f i c i e n t l y  srllaL1 t h a t  the 

f i n i t e  boundary c u r r e n t ,  JB, produces a n e g l i g i b l e  change i n  magnetic 

f i e l d ;  i .e . ,  B is  assumed t o  be zero s ince  

3 

3 

B 

-?- + -+ 
IBBI -6 \ c u r l  BBI = 6 IJBl/(4n) 

This approximation w i l l  be v e r i f i e d  a p o s t e r i o r i .  

Since t h e  B v a r i a b l e s  vanish ou t s ide  t h e  boundary l a y e r ,  t he  Pi 

v a r i a b l e s  must s a t i s f y  t h e  equations ind iv idua l ly  i n  t h e  main stream. 

Furthermore, t h e  assumed slow v e r t i c a l  v a r i a t i o n  implies  t h a t  t he  

viscous term is n e g l i g i b l e .  Hence i n  t h e  mainstream E q .  (3.5) becomes 
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+ + + 23  x VM = -VP + JM x BM/po - EV@ M 

By continuation, this must also hold in the boundary layer, so sub- 

tracting it from the original form of Eq. (3.5) gives 

2-t + +  26 x $B = -VPB + J xB /p  + UV VB 
B M o  

By a similar process, one separates Eq. (2.1) into 

-t = 0 [-vcp, - a&/at + + vM x -+ B 1 
JM M 

and 

-b 
where the continuity of B has been invoked to neglect a%/at. 

boundary condition 
At the core/mantle interface (surface S in Fig. l), one has the 1 

-t v1 5 -b VM1 + -c VBl = 0 

and if mantle currents are neglected, 

The boundary-layer components of velocity and 
individually satisfy the solenoidal condition 

-+ i a  2 -+ 
V'VB = 2% (r VBr) + VT*VBT = 0 

r 

(A. 8 )  

current must 
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o r  

-f - Y *v 2 -- - - -  aVBr 
ar r 'Br T BT 

and s i m i l a r l y ,  

(A, 10) 

(A. 11) 

Since these  condi t ions must be s a t i s f i e d  throughout t he  boundary 
-+ j. 

l a y e r ,  i t  is clear t h a t  t h e  v e r t i c a l  ( r a d i a l )  components of VB and JB 

must be of  t h e  order  

(A. 12) 

(A. 13) 

and w e  t he re fo re  neg lec t  t hese  vertical components. E q s .  (A.7) and 

(A .8 )  then imply t h a t  t h e  mainstream v e r t i c a l  components are a l s o  

n e g l i g i b l e  a t  r = b and hence a l s o  a t  t h e  lower boundary r - b  - 6 ( sur face  

So i n  Fig. 1 ) .  These are t h e  only boundary condi t ions which cons t r a in  

t h e  mainstream so lu t ions .  

Using t h e  approximations j u s t  der ived,  one can w r i t e  t h e  v e r t i c a l  

components of E q s .  ( A . 4 )  and (A.6)  as 

and 

a'pB 
'BeBMA - 'SABM8 

- x  
ar 

(A. 14) 

(A. 15) 
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Eq. ( A . 1 5 )  implies  t h a t  t h e  ho r i zon ta l  g rad ien t  of should be  

n e g l i g i b l e ,  and Eq. (A.14) implies t h e  same about PB, provided t h a t  

w e  assume t h e  kinematic v i s c o s i t y  v i s  of order  R6 . 
components of E q s .  (A.4) and ( A . 6 )  may then be w r i t t e n  

2 The h o r i z o n t a l  

(A.  16)  

and 

and 

2 
- 'oVBA + V a 

'Be cos e 2R cos e ar2 
- - -  

where 

2 
- OBMr 

yo - 2Qp0 
_ -  

(A. 17) 

(A. 18) 

(A. 19) 

(A.  20) 

Ignoring t h e  ho r i zon ta l  dependence (0 and A ) ,  we may o b t a i n  t h e  

fundamental modes by considering t h e  r a d i a l  mode 

-f -+ 
= u(8,A) exp ( i k r )  vB (A. 21) 
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Eq. (A .18)  yields the dispersion relation 

2 cos 2 8 + (yo + e) = 0 

The allowed solution of this is 

k = ko - i/6 

where 

(A. 22) 

(A. 23) 

Using this eigenvalue, one obtains the solution of Eqs. ( A . 1 8 )  and 

( A . 1 9 )  as 

I -+ I-. ‘Os i x zT(8,h)sin [ko(b-r)] VB = -exp[(r-b)/6] uT(8,A)cos[ko(b-r)] -- r 1 
(A. 24)  

-b 
where ?(e,A) is a transverse vector, which 

condition ( A . 7 )  to be 

is determined by the boundary 

(A. 25) 

We can now estimate the variation in the tangential magnetic field, 
+ 3 BT, across the boundary layer in terms of the current J 
from Eqs. ( A . 1 7 )  and ( A . 2 4 )  : 

obtained BT 
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A 'T) b-E 47ra6Br ko6 cos 8 ir 

(-i + \COS e l  
+- +- + 
BT(b) - BT(b-E)EA BT = - 4 ~  I ir x Sdr 

b (14-ki 6 ') 
(A. 26) 

where E > 6.  I n  order  of magnitude, 

(A. 27) 

where w e  have made t h e  pes s imis t i c  assumption t h a t  u - lo3: s o  t h a t  

6-4 x 10 cm. Near t h e  equator we would g e t  6 - 10 cm, so the r a t i o  - 
i nc reases  t o  about 10-1 a t  worst .  

con t inu i ty  of B appears reasonable. 

3 5 

Thus t h e  o r i g i n a l  assumption of 
-b 

Fina l ly ,  w e  may recombine t h e  v e l o c i t i e s  i n t o  t h e  s i n g l e  s o l u t i o n  
-b -+ 

[ l e t t i n g  Vm(b,B,A)z V (r,8,A) near t h e  boundary l a y e r ]  MT 

h -+ 
4- ir x vm (r , e, A) exp [ (r-b) / 63 s in[ko  (b-r) 3 

(A. 28) 
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